Ultradiscrete analogues of the nonautonomous discrete finite Toda lattice and its modified system are explicitly given. It is shown that these two systems can be seen as the box-ball system with size limits and one with speed limits, respectively. Particular solutions and the Lax forms of these ultradiscrete systems on the finite lattice are also discussed.
Introduction
Since the discovery of the ultradiscretization [1] , much progress has been made in the understanding of ultradiscrete integrable systems. The ultradiscretization is a procedure to construct an ultradiscrete system from a discrete system. The procedure replaces operators (+, ×, ÷) with (min, +, −) by using the formula: Applying the ultradiscretization to discrete integrable systems, we can obtain ultradiscrete integrable systems, which have properties of original systems: the existence of soliton solutions, many conserved quantities, and so on. The box-ball system (BBS) is one of the ultradiscrete integrable systems. The BBS is composed of an array of infinite boxes, finite balls in the boxes, and a carrier of balls. Each box can contain only one ball and the carrier can hold infinitely many balls. The evolution rule from time t to time t + 1 is defined as follows. The carrier moves from left to right and passes each box. When the carrier passes a box containing a ball, the carrier gets the ball; when the carrier passes an empty box, if the carrier holds balls, the carrier puts one ball into the box.
An evolution equation of the BBS is given by
where the variable U (t) n ∈ {0, 1} denotes the number of balls in the nth box at time t. The equation (1) is derived from the discrete KdV equation via the ultradiscretization [2] .
Nagai et al. [3] discovered that the ultradiscrete Toda (u-Toda) lattice Fig. 1 . Example of the BBS and the u-Toda lattice. '1' denotes a ball in a box and '.' denotes an empty box.
with non-periodic finite lattice condition E n , E (t) n and the constant N denote the size of the nth soliton (the number of the balls of the nth block) at time t, the distance between the (n − 1)th soliton and the nth soliton at time t, and the number of the solitons, respectively. Fig. 1 illustrates the correspondence between the BBS and the u-Toda lattice.
Recently, the nonautonomous version of the discrete Toda lattice(nd-Toda lattice) has been well studied [4, 5] . In this letter, we derive an ultradiscrete analogue of the nd-Toda lattice and study its relation to the BBS. Furthermore, from the BBS with a carrier, we construct an extended system of the nd-Toda lattice. These correspondences can be understood from the viewpoint of the Lax form, or the shifted qd (LR) algorithm in numerical methods.
Ultradiscretization of the nd-Toda lattice and BBS with size limits
The nd-Toda lattice is given by
where the independent variables n and t are integer, and µ t is a nonautonomous parameter of time t. Let us rewrite the nd-Toda lattice (3) in the form of the evolution equation:
The equations (4) is known as Rutishauser's shifted qd (qds) algorithm [6] , which computes matrix eigenvalues or singular values. Since the equation (4a) includes a subtraction, rounding errors arise in the process of the shifted qd algorithm and the accuracy of the numerical results is degraded. Also in the ultradiscretization procedure, the subtraction is considered to be an obstacle.
To overcome this obstacle, let us introduce an auxiliary variable
n+1 , where µ ′ t+1 := µ t+1 − µ t . Then we obtain a subtractionfree evolution equation of the nd-Toda lattice:
The equations (5) appear in the differential qds (dqds) algorithm [7] , which is known to be more stable than the qds algorithm. We can ultradiscretize the nd-Toda lattice of the form (5) if the variables q
n and the parameter µ ′ t are non-negative for all n and t. Introduce variables Q
We call the system (6) the nonautonomous ultradiscrete Toda (nu-Toda) lattice. We should remark that if M ′ t = +∞ for all t, the nu-Toda lattice (6) reduces to the uToda lattice (2) .
Let us consider the finite lattice condition E
n and M ′ t are positive integer for all n and t. Then the nu-Toda lattice (6) connects to the BBS, where the variables denote the following quantities:
n : the size of the nth soliton at time t.
• E (t) n : the distance between the (n − 1)th soliton and the nth soliton at time t.
• D
(t)
n : the number of balls which the carrier holds just after the carrier passes the nth soliton of time t − 1. Fig. 2 shows an example of this connection. We can observe that several balls vanish from time 1 to time 2 and from time 3 to time 4, and the size of the solitons is restricted to M ′ t at each time t. Indeed, the equation (6c) gives a new evolution rule from time t to time t + 1: if the number of balls which the carrier holds exceeds the capacity M ′ t+1 , the excess balls are removed from the system. We call this system the BBS with size limits.
The modified nu-Toda lattice and the BBS with speed limits
In this section, we discuss the well-known BBS with a carrier [8] , which we call the BBS with speed limits in this letter. Fig. 3 shows the evolution of the BBS with speed limits. We find that the evolution rule is composed of the "size limit" process and the "recovery" process. The first one is studied in Section 2 and the latter one is the process which recovers the balls removed by the size limit process as illustrated in Fig. 4 . These two processes are expressed with the ultradiscrete system
The equations (7a)-(7c), which coincide with the nuToda lattice (6) , and (7f) describe the size limit pro-
, where the auxiliary quantity D (t+1) n is defined as the number of balls removed by the size limit process. Then the equations (7d) and (7e) describe the recovery process
) with the finite lattice condition gives the evolution of the BBS with speed limits. We call the system (7) the modified nuToda lattice.
It is easily shown that the modified nu-Toda lattice (7) is derived from the discrete system
through the ultradiscretization: variable transformations q
n /ǫ , µ t = e −Mt/ǫ , and a limit ǫ → +0. Eliminating d
n , we rewrite the equations (8a) and (8b) as follows:
n . Furthermore, we obtain the equations
n+1 − µ t+1 . Hence the system (8) is equivalent to the system
We call the system (9) the modified nd-Toda lattice. In the following sections, the integrability of this system will be clarified by giving particular solutions and the Lax form.
Particular solutions
In order to derive particular solutions, we introduce bilinear equations related to (5) and (8) . The following theorem is proved by using the Plücker relation.
Theorem 1 Let us consider the bilinear equations
on the semi-infinite lattice: τ k,t −1 = 0 and τ k,t 0 = 1. A solution to this system is given by the Hankel determinant
where ξ
n is an arbitrary function satisfying the dispersion relation
Let us consider the following variable transformations:
Then (5) and (8) can be transformed to the bilinear equations
which coincide with the bilinear equations (10) of the case k = 0. Thus the Hankel determinant (11) gives solutions to (5) and (8) with the semi-infinite lattice condition.
To obtain solutions on the finite lattice, let us choose the element ξ
where p i and w i are some constants satisfying
n satisfies the dispersion relation (12) and the finite lattice condition τ
N +1 = 0 holds. Substituting (14) into the Hankel determinant (11), τ k,t n is calculated as follows:
which has the "ultradiscretizable form". Hence we can obtain solutions to (6) and (7) with the finite lattice condition.
Theorem 2 A solution to the modified nu-Toda lattice (7) with the finite lattice condition E
and
where
P i and W i , i = 0, 1, . . . , N − 1, are some constants satisfying P 0 ≤ P 1 ≤ · · · ≤ P N −1 , which determine the size of solitons and the phase of solitons, respectively. Furthermore, a solution to the nu-Toda lattice (6) is also given by (16a)-(16c) and (17) with M t = min k=1,...,t (M ′ k ). For example, the solutions shown in Figs. 2 and 3 are given by setting P 0 = 2, P 1 = 4, P 2 = 5, W 0 = 9, W 1 = 2, and W 2 = 0.
Lax forms and asymptotic behaviours
Finally, we give the Lax forms of (3) and (9) with the finite lattice condition. Let us introduce the bidiagonal matrices
and R (t) denote the bidiagonal matrices whose elements are overlined ones of L (t) and R (t) , respectively. Then the modified nd-Toda lattice (9) can be written in the matrix form
where I is an identity matrix of order N . On the BBS with size/speed limits, the matrix equations (18a) and (18b) correspond to the size limit process and the recovery process, respectively. If the eigenvalues of the tridiagonal matrix
and λ n , n = 0, 1, . . . , N − 1, respectively. Remark that, eliminating L (t) and R (t) , we obtain
I, which is the Lax form of the nd-Toda lattice (3) .
Hereafter, we consider the asymptotic behaviour by using the solutions given in Section 4. If the parameter µ t is chosen as µ t > −p N −1 for all t, from (13) and (15), the dependent variables of the discrete systems (3) and (9) have the asymptotic behaviour for sufficiently large t:
n ≃ p n , e n and e (t) n depends on (p n + µ t )/(p n−1 + µ t ) [9] . These results give a method to compute the eigenvalues of a tridiagonal matrix. The parameter µ t is called the shift parameter used to accelerate convergence in the dqds algorithm.
In the BBS with size/speed limits, these eigenvalues correspond to the size of solitons. Suppose that P 0 ≤ · · · ≤ P m−1 < M t ≤ P m ≤ · · · ≤ P N −1 holds except for the finite number of t. Then, from (16) and (17), the dependent variables of (6) and (7) have the asymptotic behaviour for sufficiently large t: Q (t) n = min(P n , M t ) = P n , Q (t) n = P n , E (t) n+1 → +∞ and E (t) n+1 → +∞ if P n < P n+1 , for n = 0, 1, . . . , m − 1, and
for n ≥ m, where E (t)
n and E (t) n increase by min(P n , M t ) − min(P n−1 , M t ) ≥ 0 in one step.
